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2 Gel’fand










$\frac{\partial v}{\partial t}+(v\cdot\nabla)v=-\nabla p, divv(=\frac{\partial v_{1}}{\partial x_{1}}+\frac{\partial v_{2}}{\partial x_{2}})=0$. (1)
$v=(v_{1}(x, t), v_{2}(x, t))$ $p=p(x, t)$ ( 1 )
$v\cdot\nu=0$ $\nu$ $\Omega$ $\partial\Omega$
5 $\Omega$ 6 $divv=0$ (
$)$ $v\cdot\nu=0$ $\omega=$ curl $v:= \frac{\partial v}{\partial x}a-1$
$-\triangle\psi=\omega$ in $\Omega,$ $\psi=0$ on $\partial\Omega$
$\psi$ $v=\nabla^{\perp}\psi=(^{\partial}4-\partial 4)$ $\triangle$ Dirichlet
Green
$-\triangle G(\cdot, y)=\delta_{y} in\Omega, G(\cdot, y)=0 on\partial\Omega.$
$\psi(x)=G\omega(x)$ $:= \int_{\Omega}G(x, y)\omega(y)dy$ $v(=\nabla^{\perp}\psi)=\nabla^{\perp}G\omega$
$7_{o}$
$\psi$ $v$






5 [8, 30] [24]
6





$\{(Xj(t),$ $\Gamma_{i})\}_{j}=1,\cdots,N$ $\delta_{p}$ $p(\in\Omega)$ Dirac $\Gamma_{j}$




$\Omega\cross(0, T)$ $0$ $( \Omega\cross(0, T)$ $0$)
$\mathscr{D}(\Omega\cross(0, T))$ $(v\cdot\nabla)\omega=div(v\omega)=div(\omega\nabla^{\perp}G\omega)$
$\phi\in \mathscr{D}(\Omega\cross(0, T))$
$( \int_{0}^{T}\int_{\Omega}(v\cdot\nabla)\omega\phi dxdt=)\int_{0}^{T}\int_{\Omega}div(\omega\nabla^{\perp}G\omega)\phi dxdt=-\int_{0}^{T}\int_{\Omega}\omega\nabla^{\perp}G\omega\cdot\nabla\phi dxdt$
$\int_{0}^{T}\int_{\Omega}\frac{\partial\omega}{\partial t}\phi dxdt=-\int_{0}^{T}\int_{\Omega}\omega\frac{\partial\phi}{\partial t}dxdt$
$\omega$ (2) $\phi\in \mathscr{D}(\Omega\cross(0, T))$
$\int_{0}^{T}\int_{\Omega}[\omega\frac{\partial\phi}{\partial t}+\omega\nabla^{\perp}G\omega\cdot\nabla\phi]dxdt=0$ (3)
$\omega$ (2) (3) (2)









9 $\omega$ $G\omega$ $G\omega$
$G\omega$ [3]
88
$\rho_{\phi}(x, y)=\frac{1}{2}\{\nabla_{x}^{\perp}G(x, y)\cdot\nabla\phi(x)+\nabla_{y}^{\perp}G(x, y)\cdot\nabla\phi(y)\}$
Green
$G(x, y)= \frac{1}{2\pi}\log|x-y|^{-1}+K(x, y)\backslash$
$K(x, y)$ $\Omega\cross\Omega$ $y$ ( x)
$K(\cdot, y)$ $( K(x, \cdot)$ ) $K(x, y)$ Green










$\omega$ $(\omega\in L^{1}(\Omega))$ (3)
$x=y$ $\rho_{\phi}(x, y)$ $\omega=\sum_{j=1}^{N}\Gamma_{j}\delta_{x_{j}(t)}$
$\sum_{j=1}^{N}\Gamma_{j}\delta_{x_{j}(t)}$ $v= \sum_{j=1}^{N}\Gamma_{j}\nabla^{\perp}G(X, Xj(t))$
$\frac{1}{2}\int_{\Omega}|v|^{2}dx$
19
$\Gamma_{i}\frac{dx_{i}}{dt}=\nabla_{i}^{\perp}H^{N,\Gamma}(x_{1}, \cdots, x_{N})(=(\frac{\partial H^{N,\Gamma}}{\partial x_{i,2}}, -\frac{\partial H^{N,\Gamma}}{\partial x_{i,1}}))$ (4)
$H^{N,\Gamma}(x_{1}, \cdots, x_{N})=\frac{1}{2}\sum_{j=1}^{N}\Gamma_{j}^{2}K(x_{j}, x_{j})+\frac{1}{2}\sum_{1\leq j,k\leq N,j\neq k}\Gamma_{j}\Gamma_{k}G(x_{j}, x_{k})$
$( x_{i}=(x_{i,1}, x_{i,2})$ )
(4) Hamilton $q_{i}=\sqrt{|\Gamma_{i}|}x_{i,1\backslash }p_{i}=sign\Gamma_{i}\sqrt{|\Gamma_{i}|}x_{i,2}$
qi Hamilton $H^{N,\Gamma}$
Hamiltonian $q_{i }p_{i}$ ( ) $\Omega$
( )
$x_{i}$
$\frac{1}{\Gamma_{i}}\nabla_{i}^{\perp}H^{N,\Gamma}(x_{1}, \cdots, x_{N})=\nabla_{x}^{\perp}(\Gamma_{i}K(x, x_{i})+\sum_{1\leq j\leq N,j\neq i}\Gamma_{j}G(x, x_{j}))x=x_{i}$
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$\sum_{j=1}^{N}\Gamma_{j}\delta_{x_{j}}$
$\nabla_{x}^{\perp}\sum_{j=1}^{N}\Gamma_{j}G(X, Xj)$ ( $x=x_{i}$ )
$\nabla_{x}^{\perp}\Gamma_{i}(\frac{1}{2\pi}\log|x-x_{i}|^{-1})$ ( $x=x_{i}$ )
$x=x_{i}$
$H^{N,\Gamma}$ $\sum_{j=1}^{N}\Gamma_{j}\delta_{x_{j}}$
$\frac{1}{2}\int_{\Omega}|v|^{2}dx=\frac{1}{2}\int_{\Omega}\int_{\Omega}G(x, y)\omega(x, t)\omega(y, t)dxdy$




$0$ $x=p$ $\xi\equiv 1$
$p= \int_{\Omega}x\xi\delta_{p}dx$
a $p=x_{i}(t)$ $\eta\in \mathscr{D}(0, T)$ $\phi=x\xi_{i}\eta$ $(x_{i}(t), x_{i}(t))$
$\rho_{\phi}(x, ;\cdot)$ I $0$ (
$))x=y=x_{i}(t)$ $0$ $\omega(x, t)=\sum_{j=1}^{N}\Gamma_{j}\delta_{x_{j}(t)}$
(3)
$\int_{\Omega}\int_{\Omega}\rho_{\phi}(x, y, t)\omega(x, t)\omega(y, t)dxdy=\nabla_{i}^{\perp}H^{N}(x_{1}(t), \cdots, x_{N}(t))$





















$1)$ $\tilde{\beta}=\beta N$ $Narrow\infty$
$\rho(x)=\frac{e^{-\beta G\rho(x)}}{\int_{\Omega}e^{-\beta G\rho(x)}dx}$ (5)
$\rho$ ([4, Thorem 2.1]) (5) $\rho^{N}$ $\rho$
(5) ( )
(5) ([19,20,32] [12] )
[4]
$G(x, y)$ Messer-Sphon([26]) [4]
$G(x, y)$ $\beta\in(-8\pi, \infty)$
$\beta<0$ ( ) (
$)$ ( )
(5) $-\beta G\rho=u$ $-\beta=\sigma$
$- \triangle u=\sigma\frac{e^{u}}{\int_{\Omega}e^{u}dx}$ $in$ $\Omega,$ $u=0$ $on$ $\partial\Omega$ (6)
( )
(2) $f$ : $Rarrow R$ $\omega$
$\psi=G\omega$ $\omega=f(\psi)$ $\psi$







$-\Delta u=\lambda e^{u}$ $in$ $\Omega,$ $u=0$ $on$ $\partial\Omega$ . (7)
$\Omega$ $R^{2}$ $\lambda$ (7) $\frac{\sigma}{\int_{\Omega}e^{u}dx}=\lambda$






1([27]). $\lambda_{n}\downarrow 0$ $\{\lambda_{n}\}_{n\in N}$ $\lambda=\lambda_{n}$ (7) $u_{n}$
$\sigma_{n}=\lambda_{n}\int_{\Omega}e^{u_{n}}dx$
(i) $0$ , (ii) $8\pi m(m\in N)$ , (iii) $+\infty$
:
(i) $0$
(ii) $m$ ( ) $m$ $\mathscr{S}=\{\kappa_{1}, \ldots, \kappa_{m}\}\subset$
$\Omega$ $\mathscr{S}$ $\{u_{n}\}$ $\overline{\Omega}\backslash \mathscr{S}$
:
$u_{n} arrow u_{\infty}(x)=8\pi\sum_{j=1}^{m}G(x, \kappa j)$ . (8)
(iii) $x\in\Omega$ $u_{n}(x)arrow+\infty$
(ii) $\mathscr{S}=\{\kappa_{1}, \ldots, \kappa_{m}\}\subset\Omega$ :





$\sigma_{n}=\lambda_{n}\int_{\Omega}e^{u_{n}}dx$ (7) (6) $\sigma$ $\sigma=-\beta$
$-8\pi m$
$\beta_{n}=-\sigma_{n }-\beta_{n}G\rho_{n}=u_{n}$ $\rho_{n}$ $u_{n}$
$\rho_{n}=-\triangle G\rho_{n}=-\frac{1}{\sigma_{n}}\triangle u_{n}$
(8) ( )




(9) Green $G(x, y)$ $G(x, y)=$
$G(y, x)$ $K(x, y)$ $K(x, y)=K(y, x)$
$H^{m}(x_{1}, \ldots, x_{m})=\frac{1}{2}\sum_{j=1}^{m}K(x_{j}, x_{j})+\frac{1}{2}\sum_{1\leq j,k\leq mj\neq k},G(x_{j}, x_{k})$ ,
$\mathscr{S}\in\Omega^{m}$ (9) $\mathscr{S}$ $H^{m}$
$0$ $\mathscr{S}\in\Omega^{m}$ $H^{m}$ $H^{m}$
Hamiltonian $H^{N,\Gamma}$ $N=m$ $\Gamma=(\Gamma_{1}, \cdots, \Gamma_{m})=(\frac{1}{m}, \cdots, \frac{1}{m})$
$H^{m}=m^{2}H^{N,\Gamma}$ $H^{m}$
(9) :






([2, 9, 10] ) $\sigma$
( (6)) )
$([7, 25]_{\backslash } )$
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$\mu_{n}^{k}=-\frac{1}{2}\frac{1}{\log\lambda_{n}}+o(\frac{1}{\log\lambda_{n}})(arrow 0)$, $1\leq k\leq m$
$\mu_{n}^{k}=1-48\pi\eta^{(2m+1-s)}\lambda_{n}+o(\lambda_{n})(arrow 1)$ , $m+1\leq k(=:m+s)\leq 3m$
$\mu_{n}^{k}>1,$ $k\geq 3m+1$
$\eta^{(l)}(l=1, \cdots, 2m)$ $(\kappa_{1}, \cdots, \kappa_{m})$ $D(HessH^{m})D$ $l$
$HessH^{m}$ $H^{m}$ Hessian $2m$
$( \frac{\partial^{2}H^{m}}{\partial x_{i,\alpha}\partial x_{j,\beta}})_{i,j=1,..,m,\alpha,\beta=1,2}$
$D$ $diag[d_{1}, d_{1}, d_{2}, d_{2}, \cdots, d_{m}, d_{m}]$ $d_{j}$
$d_{j}= \frac{1}{8}\exp\{\begin{array}{lll}4\pi R(\kappa_{j})+4\pi \Sigma G(\kappa_{j},\kappa_{i}) 1\leq i\leq mi\neq j \end{array}\}(>0)$ .
$\mu_{n}<1$ $\mu_{n}$
2 $m$




Hamiltonian $HessH^{m}$ $0$ $\mu_{n}^{k}$
(10) 1 ( ) 1
$u_{n}$ Morse Morse $ind_{M}(u_{n})$ $ind_{M}^{*}(u_{n})$
$-H^{m}$ ( ) $(\kappa_{1}, \cdots, \kappa_{m})$ $Hess(-H^{m})$
$0$ $0$ $(\kappa_{1}, \cdots, \kappa_{m})$ $-H^{m}$ Morse
Morse $ind_{M}\{-H^{m}\}(\kappa_{1}, \cdots, \kappa_{m})$ $ind_{M}^{*}\{-H^{m}\}(\kappa_{1}, \cdots, \kappa_{m})$
2 :
3([17]). 1(ii) ($m$ ) $n\gg 1$ ;
$m+ind_{M}\{-H^{m}\}(\kappa_{1}, \cdots, \kappa_{m})\leq ind_{M}(u_{n})$ ,
$ind_{M}^{*}(u_{n})\leq m+ind_{M}^{*}\{-H^{m}\}(\kappa_{1}, \cdots, \kappa_{m})$ .
$(\kappa_{1}, \cdots, \kappa_{m})$ $H^{m}$
$\grave{}$ .
$ind_{M}\{-H^{m}\}(\kappa_{1}, \cdots, \kappa_{m})=ind_{M}^{*}\{-H^{m}\}(\kappa_{1}, \cdots , \kappa_{m})$
$ind_{M}(u_{n})=ind_{M}^{*}(u_{n})=m+ind_{M}\{-H^{m}\}(\kappa_{1}, \cdots, \kappa_{m})$ . (11)
(11) $\ovalbox{\tt\small REJECT}$ $u_{n}$ $0$ $u_{n}$
$(\kappa_{1}, \cdots, \kappa_{m})$ $H^{m}$
[18] $\{u_{n}\}$ 3 [18]
$(\kappa_{1}, \cdots, \kappa_{m})$ $H^{m}$
$F_{\lambda}$
$(\kappa_{1}, \cdots, \kappa_{m})$ $-H^{m}$ $(+m)$
$H^{m}$
6 2
2 $m=1$ [15] [15]











1 Gel’fand $m$ $\{u_{n}\}$
$R>0$ $narrow\infty$




$\tilde{u}_{j,n}(\tilde{x})=u_{n}(\delta_{j,n}\tilde{x}+x_{j,n})-u_{n}(x_{j,n})$ in $B_{R}(0)$ (14)
$\tau_{j,\overline{n}}$
$\delta_{j,n}$ $\lambda_{n}e^{u_{n}(x_{j,n})}\delta_{j}^{2_{n}},=1$ 2 $d_{j}$
$\delta_{j,n}/\lambda^{\frac{1}{n^{2}}}arrow d_{j}$ (15)
$\delta_{j,n}arrow 0$ $\tilde{u}j,n$ $u_{n}$ $Xj,n$
$u_{n}$ n $\tilde{u}j,n$
:




$-\Delta u=e^{u}$ $in$ $R^{2}$ (17)
1 $\int_{B_{R}(x_{j,n})}e^{u(x)}dxarrow 8\pi$ $\tilde{u}j,n$
(17) $\int_{R^{2}}e^{u(x)}dx<+\infty$ $R^{2}$ (17)
$\phi_{\epsilon,x_{0}}(x)=\log\frac{32\epsilon^{2}}{(4+\epsilon^{2}|x-x_{0}|^{2})^{2}}.$







$\tilde{v}_{j,n}(\tilde{x})=v_{n}(\delta_{j,n}\tilde{x}+x_{j,n}) (\tilde{x}\in B_{\frac{R}{\delta_{j_{\}}n}}}(0))$. (18)
:
$-\triangle\tilde{v}_{j,n}=\mu_{n}e^{\tilde{u}_{j,n}}\tilde{v}_{j,n}, (\tilde{x}\in B_{\frac{R}{\delta_{j,n}}}(0)) , \Vert\tilde{v}_{j,n}\Vert_{L^{\infty}(B_{_{n}^{R}j}(0))}\leq 1$
. (19)
$narrow\infty$ $\mu_{n}$ $\mu_{\infty}$ $\tilde{v}_{j,n}$
$-\triangle V=\mu_{\infty}e^{U}V \Vert V\Vert_{L^{\infty}(R^{2})}\leq 1$ . (20)
(20) $R^{2}$ Gel’fand $U$
$V_{j}\equiv 0$ $v_{n}$ (10)




$_{\tilde{x}_{1}}^{\partial}U_{\backslash } \frac{\partial}{\partial\tilde{x}_{2}}U$ $\overline{U}:=\tilde{x}\cdot\nabla U+2$
:
i $)$ $\mu_{\infty}=0$ : $c=(c_{1}, \cdots, c_{m})\in R^{m}\backslash \{0\}$ $\equiv \mathcal{C}j(i=$
$1,$ $\cdots,$
$m)$
ii) $\mu_{\infty}=1$ : $a=(a_{1}, \cdots, a_{m})\in R^{2m }b=(b_{1}, \cdots, b_{m})\in R^{m }$
$(a, b)\neq 0\in R^{3m}$ $(a, b)$ $V=a\cdot\nabla U+b_{j}\overline{U}$





$= \sum_{j=1}^{m}\int_{B_{R}(x_{j,n})}G(x, y)\lambda_{n}e^{u_{n}}dy+\int_{\Omega\backslash \bigcup_{j=1}^{m}B_{R}(x_{j,n})}G(x, y)\lambda_{n}e^{u_{n}}dy$
$\Omega\backslash \bigcup_{j_{=1}}^{m}B_{R(Xj,n}$) $u_{n}$
$| \int_{\Omega\backslash \bigcup_{j=1}^{m}B_{R}(x_{j,n})}G(x, y)\lambda_{n}e^{u_{n}}dy|=O(\lambda_{n})=o(\lambda^{\frac{1}{n^{2}}})$
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$x$ $Xj,n$ $G(x, xj,n)$
$G(x, y)=G(x, x_{j,n})+(y-x_{j,n})\cdot\nabla_{y}G(x, x_{j,n})+s(x, \eta, y-x_{j,n})$ ,
$s(x, \eta, y-x_{j,n})=\frac{1}{2}\sum_{1\leq\alpha,\beta\leq 2}G_{y_{\alpha}y_{\beta}}(x, \eta)(y-x_{j,n})_{\alpha}(y-x_{j,n})_{\beta},$
$\eta=\eta(j, n, y)\in B_{R}(x_{j,n})$ ,
$\int_{B_{R}(x_{j,n})}G(x, y)\lambda_{n}e^{u_{n}}dy$
$=G(x, x_{j,n}) \int_{B_{R}(x_{j,n})}\lambda_{n}e^{u_{n}}dy+\nabla_{y}G(x, x_{j,n})\cdot\int_{B_{R}(x_{j,n})}(y-x_{j,n})\lambda_{n}e^{u_{n}}dy$












$u_{n}(x)= \sum_{j=1}^{m}\sigma_{j,n}^{0}G(x, x_{j,n})+o(\lambda^{\frac{1}{2}})$ .
1 $\sigma_{j}^{0_{n}},arrow 8\pi$ 1 $u_{n}$ (8)
$\partial B_{R}(Xj,n)$
$\nabla u_{n}(x)=-\frac{\sigma_{j,n}^{0}}{2\pi}\cdot\frac{\nu}{R}+\nabla k_{j,n}(x)+o(\lambda^{\frac{1}{n^{2}}})$ (21)
98
$\nu$ $\partial B_{R}(Xj,n)$
$k_{j,n}(x)= \sigma_{j,n}^{0}K(x, x_{j,n})+\sum_{1\leq i\leq m,i\neq j}\sigma_{i,n}^{0}G(x, x_{i,n})$
$k_{j,n}(x)$ $B_{R}(xJ,n)$







$\frac{v_{n}(x)}{\mu_{n}}=\sum_{j=1}^{m}\{\gamma_{j,n}^{0}G(x, x_{j,n})+\gamma_{j,n}^{1}\cdot\nabla_{y}G(x, x_{j,n})\}+o(\lambda^{\frac{1}{n^{2}}})$ . (23)
:
$\overline{\Omega}\backslash \bigcup_{j=1}^{m}B_{R}(Xj_{n})$
i $)$ $\mu_{\infty}=0$ :
$\frac{v_{n}}{\mu_{n}}arrow\sum 8\pi CjG(X, Xj_{n})+o(1)$ . (24)
ii) $\mu_{\infty}=1$ :











$o(\lambda^{\frac{1}{n^{2}}})$ , ( $a_{i}\neq 0$ $i$ ),
$\frac{8\pi b_{j}+o(1)}{\log\lambda_{n}}$ , ( ).
Hamiltonian
Gel’fand
$-\Delta u_{x_{\alpha}}=\lambda e^{u}u_{x_{\alpha}}$ (26)




$a_{i}\neq 0$ $i$ $\overline{\Omega}\backslash \cup^{m}=1B_{R}(x)$
vn/ $i=1,$ $\cdots,$ $m$
$\int_{\partial B_{R}(x_{i,n})}\{\frac{\partial}{\partial\nu}(u_{n})_{x_{\alpha}}\cdot\frac{v_{n}}{\lambda^{\frac{1}{n^{2}}}}-(u_{n})_{x_{\alpha}}\cdot\frac{\partial}{\partial\nu}\frac{v_{n}}{\lambda^{\frac{1}{n2}}}\}d\sigma_{x}=\frac{-1+\mu_{n}}{\lambda^{\frac{1}{n2}}}\int_{B_{R}(i},e^{u_{n}}(u_{n})_{x_{\alpha}}v_{n}dx$ (27)
$\partial B_{R}(x_{i,n})$
$8 \pi\sum_{1\leq l\leq m ,\beta=1,2}H_{x_{i,\alpha}x_{l,\beta}}^{m}(\kappa_{1},\cdots, \kappa_{m})(-8\pi d_{i}a_{l,\beta})+o(1)=\frac{-1+\mu_{n}}{\lambda_{n}}\{\frac{4\pi}{3d_{i}}a_{i,\alpha}+o(1)\}$
Hamiltonian $H^{m}$
$i$ :


















Rayleigh $s_{n}^{l}$ $v_{n}\perp$ span$\{v_{n}^{1}, \ldots, v_{n}^{k-1}\}$





$v:= \xi_{n}\frac{\partial u_{n}}{\partial x_{\alpha}}-s_{n}^{1}v_{n}^{1}-\cdots-s_{n}^{m}v_{n}^{m},$
$s_{n}^{l}:= \frac{\int_{\Omega}\nabla(\xi_{n^{\frac{\partial u}{\partial x_{\alpha}}\iota}})\cdot\nabla v_{n}^{l}dx}{\int_{\Omega}|\nabla v_{n}^{l}|^{2}dx}, l=1, \cdots, m,$
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(12)
$\mu_{n}^{m+1}$ $narrow\infty$ $\mu_{\infty}$ $\mu_{\infty}=0$
$\mu_{\infty}=1$ $\mu_{\infty}=0$ Rayleigh
$\mu_{\infty}=1$ $b_{j}\neq 0$ $j\in\{1, \cdots, m\}$




$+m$ (11) $H^{m}$ $u_{n}$ $F_{\lambda_{n}}$ $+m$
$+m$
2 :
4([16]). 1(ii) $k\in\{1, \ldots, m\}$ : $narrow+\infty$
$\mu_{n}^{k}=-\frac{1}{2}\frac{1}{\log\lambda_{n}}+(2\pi\Lambda^{k}-\frac{3\log2-1}{2})\frac{1}{(\log\lambda_{n})^{2}}+0(\frac{1}{(\log\lambda_{n})^{2}})$
$\Lambda^{k}$ $m\cross m$ $(h_{ij})$ $k$ :
$h_{ij}=\{\begin{array}{ll}R(\kappa_{i})+2\sum_{1\leq_{h}h\leq m ,\neq i}G(\kappa_{h}, \kappa_{i}) , i=j -G(\kappa_{i}, \kappa_{j}) , i\neq j \end{array}$
$(h_{ij})$ 2 $D$ 1 [15]
$H^{m}$
Gel’fand (6) $\frac{\sigma}{\int_{\Omega}e^{u}dx}=\lambda$ Gel’fand
(7) (6)
$u_{n}$ (10) :





([4, 21] ) $f_{\sigma}$ $(+m$
)
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[4, 21] $\beta\in(-8\pi, \infty)$
(5)
$-\beta\leqq-8\pi$
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